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We use a modified version of Larson’s model to investigate the behaviors of amphiphile molecules in different
states of interaction parameters. The regular excluded volume and periodic boundary conditions are used to mimic a
box of simulation as a bulk of solution. Several thermodynamic parameters are studied by lattice Monte Carlo simula-
tion, including polydispersity, premicellar phenomena, critical micelle concentration, aggregation number, and cluster
shape. For higher interaction parameters aggregation starts at lower concentration, i.e. critical micelle concentration
is reduced. Behaviors are linear. With linearizing matrix of gyration, it is shown that at higher interactions micelles tends
to reduce their contacts with water, so they take the shape of a sphere. In all of the cases, cluster size distribution has only
one peak. Polydispersity behavior indicates that it is possible to determine critical micelle concentration from the poly-
dispersity curve. Configurational bias and reptation moves are used with equal probability to relax the amphiphilic sys-
tems. To investigate meta-stability in the thermodynamic parameters two different initial conditions are used.

Amphiphilic systems have been investigated in many fields
of research by various techniques. These systems have been
examined experimentally using approaches such as surface
tension measurements,1,2 spectroscopy,3,4 potentiometry,5,6

and chromatography.7 In addition, theoretical studies have
been carried out aimed at explaining and predicting the behav-
ior of these complex systems.8,9 A key tool in the theoretical
modeling of amphiphilic systems has been molecular simu-
lation. Various simulation strategies have been developed
to cope with the enormous range of time scales of the mo-
tions within these systems. Four simulation techniques that
have proved popular are Monte Carlo, molecular dynamics,
Brownian dynamics, and time-dependent Ginzburg–Landau
equations.10

Monte Carlo and molecular dynamics techniques have been
implemented as lattice11 and off-lattice12–14 models. Lattice
models are simpler and more efficient than off-lattice models
because they do not include atomistic details of molecules.
Instead of such details, the ‘‘molecules’’ on the lattice are
modeled as strings of beads that interact via predefined inter-
action parameters. In the present study, we investigated the
role of the interaction parameter on micellar systems.

In this work, using a lattice model, investigation of the
thermodynamics of a self-assembling process is approached.
So, we have considered surfactant molecules as connected
beads with two different characteristics. Beads that are similar
to water have hydrophilic properties and are named as heads
(H), and beads that behave like oil are hydrophobic and named
as tails (T). In this study, we have considered a chain contain-
ing 4H and 4T beads (H4T4) as a surfactant molecule. It is
shown how a model containing only repulsive interactions

can predict the effects of temperature variations on the thermo-
dynamic behaviors of aggregates.

Theoretical

Model. A number of models have been used to simulate
amphiphiles in lattice models. One family of models that has
been widely used consists of a simple square or cubic lattice
with only the nearest neighbor interactions. The coordination
numbers of these lattices for two and three dimensions are 4
and 6, respectively.15–28

Models based on non-cubic lattices have also been devel-
oped. For example, Nelson and co-workers used two-dimen-
sional triangular lattices and three-dimensional face-centered
cubic lattices,29,30 and Haan and Pratt used a diamond lattice
to study micellar clusters.31

Variation of the lattice coordination number changes the
thermodynamic parameters of micellization, making it impos-
sible to directly compare the results of different models for the
same amphiphile.

In addition to the above variables, the interaction parameters
depend upon the assumptions used in the model. For example,
the interaction parameters in some models are set by assuming
that repulsive forces dominate, whereas other models assume
that attractive forces dominate. Care and co-workers19,20,26

considered repulsive interactions between tail–solvent and
head–head, but attractive inteactions for head–solvent beads:

U
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¼ � nTS þ �nHS þ �nHH þ
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; ð1Þ

where nHH, nTS, and nHS are the numbers of head–head, tail–
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solvent, and head–solvent interactions, � is the ratio of tail–
solvent energy to kT , � is the ratio of the head–solvent to
tail–solvent energy, � is the ratio of the head–head energy to
the tail–solvent energy, and "ic is the chain conformational
energy normalized by the tail–solvent energy. The parameter
� is chosen to be positive and the parameter � is chosen to
be negative. For simplicity, in Care’s model the chains are sup-
posed fully flexible (i.e. "ic ¼ 0) and the head–head interac-
tions are neglected (i.e. � ¼ 0).

On the other hand, some authors have utilized Larson’s
model32–36 in which a lattice site is either oil-like (L) or
water-like (H). In this model, it is shown that in any transition,
the net change in the number of lyophilic–lyophilic (LL) inter-
actions equals the net change in the number of hydrophilic–hy-
drophilic (HH) interactions, which in turn equals �1=2 times
the net change in the number of lyophilic–hydrophilic (LH) in-
teractions. It follows that the net energy associated with any
fluctuation is a multiple of W ¼ ELL � 1

2
ELL � 1

2
EHH, where

ELH, ELL, and EHH are the energies of LH, LL, and HH inter-
actions, respectively. The dimensionless reciprocal tempera-
ture, w ¼ �W , and the overall composition are therefore the
only intensive variables of Larson’s lattice model.

In the present work, our model is a modified version of
Larson’s model with a reducing cut-off range of interactions
from z ¼ 26 to z ¼ 6, where z is the coordination number.
To prove this equivalence one can suppose total contact for
a site (n c) in Larson’s model as

n c ¼ n LHþ n HHþ n LL; ð2Þ

with assuming ELL ¼ EHH, the following equation can be writ-
ten for total energy of a configuration:

E ¼ n LH� ELH þ ðn HHþ n LLÞ � ELL; ð3Þ

with some modification the equation changes to

E ¼ n LH� ELH þ ðn c� n LHÞELL

¼ n LHðELH � ELLÞ þ n c� ELL: ð4Þ

Since n c� ELL and ELH � ELL are constant, the energy differ-
ence, i.e. the acceptance probability, for both models is the
same.

The model used here contains the repulsions between unlike
sites: tails with heads (T–H) and tails with water (T–W). In
other words, we did not use attractive interactions such as
T–T and H–H that have been used in Care or Larson’s model.

Although most of these works were carried out in a canon-
ical ensemble (constant volume, temperature, and number of
components), some other useful methodologies have been used
to study micellization and phase transitions. Panagiotopoulos
and co-workers have used the Gibbs ensemble37 and the grand
canonical ensemble38–40 to study amphiphilic and polymeric
systems.

An important consideration in the implementation of all of
the above models and approaches is that the simulated system
must be relaxed to achieve a true ensemble averaging for a
thermodynamic function. Thus, program code that rapidly
brings the system to the relaxed state is desirable, and this need
has prompted the introduction of different types of lattice
moves. Examples of local motions used in lattice simulations
are endflip motion, crank-shaft motion, kinkjump motion,41,42

reptation move,43,44 general reptation move,45,46 and configura-
tional bias Monte Carlo move.47 The general reptation method
and configurational bias Monte Carlo method have been shown
to be the most efficient approaches.45,47 Our simulations are
based on the standard Metropolis algorithm48 in which we
have used the probability of P ¼ Minð1; expð���EÞÞ for re-
ptation move and probability P ¼ Minð1; WðnÞ

WðoÞÞ for configura-
tional bias Monte Carlo move. �E is the difference of the total
energy between new trial and old configurations, � is 1=ðkBTÞ
and P is the probability by which new trial configuration is
chosen. W is the Rosenbluth weight, which is defined as

WðnÞ ¼
Yl
i¼1

wiðnÞ and wiðnÞ ¼
Xk
j¼1

expð��uið jÞÞ; ð5Þ

where uið jÞ includes all interactions of segment i with other
molecules in the system and with segments 1 through i� 1

of the same molecule. It does not include interactions with
segments iþ 1 to l.

In the present work, we focus only on the main characteris-
tic of amphiphile molecules, which is the repulsion between
unlike sites (tail–water or tail–head). So, we used the follow-
ing model:

E

kBT
¼

"
kBT

ðnT,w þ nT,HÞ; ð6Þ

where E is the total energy of the configuration, kB is the
Boltzmann constant, nT,w and nT,H are the number of tail–water
and tail–head contacts, respectively, which are in the nearest
neighbors of each other. In this paper, we change the value
of "=kBT (interaction parameter) and study the effects of the
interaction parameter on the aggregation process. Because in-
creasing or decreasing the interaction parameter affects the
value of hydrophobicity of tail sites, it is possible to investigate
the role of hydrophobicity on the thermodynamics of aggrega-
tion.

Only nearest neighbors (z ¼ 6) are considered and a lattice
with dimensions of 50� 50� 50 to reduce size effects in the
simulations. Since the reptation move is non-ergodic,49 repta-
tion in conjunction with configurational bias Monte Carlo
move is used with equal probabilities. To study the role of hy-
drophobicity, different values of interaction parameters are
used ranging from 0.7 to 0.8.

Definition of Parameters. Two amphiphile chains are
considered to be in the same cluster if any tail site of the first
molecule is a nearest neighbor of any tail site of the second
molecule.

This definition of an aggregate has been used extensive-
ly.13,38,50,51 Amphiphiles that do not form part of an aggregate
are monomers. During the simulations, the monomer mole
fraction (x1), cluster mole fraction with aggregation number
n (xn), and the distribution of monomers in different clusters
(nxn) are calculated with the following definitions:

x1 ¼
number of free amphiphiles

total number of molecules in lattice
; ð7Þ

xn ¼
number of aggregates of n amphiphiles

total number of molecules in lattice
; ð8Þ

xa ¼
total number of amphiphile molecules

total number of molecules in lattice
: ð9Þ
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It is clear that the following equation is obeyed:

xa ¼
X1
n¼1

nxn: ð10Þ

To study shape behaviors, the matrix of the radii of gyration
(R2

i; j) is calculated for clusters with aggregation numbers great-
er or equal to 10. This matrix is defined as

R2
i; j ¼

1

S

Xs
k¼1

ðri;k � ri;cmÞðrj;k � rj;cmÞ; ð11Þ

where ri;k (1 � i � 3) represents the lattice location for the
kth site in the aggregate, S is the total number of sites occupied
by the aggregate, and ri;cm and rj;cm are the centers of mass in

directions i and j, which are given by ri;cm ¼
1

S

PS
k¼1

ri;k and

rj;cm ¼
1

S

PS
k¼1

rj;k, respectively. The three principal moments

of inertia, I1, I2, and I3 are obtained from the eigenvalues of
this matrix. The characteristic lengths are defined as li ¼
ðIiÞ1=2. For spherical aggregates, l1=l3 ¼ l2=l3 ¼ 1; and for cy-
lindrical micelles, l1=l3 � 1 and l2=l3 ¼ 1.

Three kinds of aggregation number can be defined: (a) Nmax

(maximum of the monomer distribution curve in which nxn is
plotted against n), (b) Nn (number-averaged aggregation num-
ber), and (c) Nw (weight-averaged aggregation number). Nn

and Nw are defined as follows:

Nn ¼

Xnmax

n¼2

nxn

Xnmax

n¼2

xn

; ð12Þ

and

Nw ¼

Xnmax

n¼2

n2xn

Xnmax

n¼2

nxn

; ð13Þ

where nmax is the maximum aggregation number in all of the
snapshots considered in the ensemble averaging. The mono-
meric form is not considered as an aggregate, and hence is
not included in the above equations. The polydispersity is de-
fined as the ratio of Nw to Nn. For clusters of size n � 10 in the
monomer distribution curve, the value of nxn is averaged over
aggregates of size n� 2 in order to reduce statistical fluctua-
tions, and thus to obtain a smooth distribution. Aggregates
comprising less than 10 monomers are often referred to as pre-
micelles.52

Another parameter that should be defined is the critical mi-
celle concentration (CMC). Various definitions for the CMC
have been used in the literature.19–26,53–59 We use Israelachvili’s
definition,54 which defines the CMC as the concentration at

which x1 ¼
P1
n¼2

nxn.

Results and Discussion

Reliability on Simulation Results. Bernardes et al.25 have
reported that simulation data can be deemed reliable only if
I) the data do not derive from a meta-stable state, II) the sys-

tem is fully relaxed, III) there are no finite size effects, and
IV) there is no correlation between snapshots. So, the results
must be checked on the basis of the above cases. To investi-
gate meta-stability and relaxation we have used two different
initial configurations (one highly random and the other highly
ordered).25

The random initial configuration can be constructed as fol-
lows. At first, the total sites of the lattice are filled by water.
Then, a site in the lattice is chosen at random and one surfac-
tant molecule is grown there. The above process is repeated
until all of the surfactant molecules are located on the lattice.
For the ordered initial configuration, contrary to the random
state, at first the lattice is filled by surfactant molecules in an
aggregate shape. Then, all of the unoccupied sites are filled
by water molecules. Almost all of the lattice simulations use
the two different initial configurations described above. Ther-
modynamic properties of these two different initial configura-
tions converge if there is not any meta-stability.

Figure 1 shows the relaxation behavior of our system during
two relaxation procedures: (1) cooling of a random initial con-
figuration to "=kBT ¼ 0:8, and (2) warming of a highly ordered
initial configuration to "=kBT ¼ 0:8. For both procedures, the
system relaxed to the same fluctuation range. This convergence
is achieved in all cases due to the condition of microscopic
Monte Carlo moves. On the other hand, true ensemble averag-
ing needs to avoid any correlation between snapshots taken for
averaging. This condition is investigated by calculation auto-
correlation function. Figure 2 illustrates an energy auto-corre-
lation function for a simulation with the interaction parameter
equal to 0.8. The energy auto-correlation function is defined as

Að�Þ ¼
hEðt þ �ÞEðtÞi � hEðtÞi2

hE2ðtÞi � hEðtÞi2
; ð14Þ

where Að�Þ is the correlation between snapshots at time t and
t þ �. It is clear that the maximum of correlation takes place
at t ¼ 0 and the minimum of it is zero at snapshots that are in-
dependent of each other. EðtÞ is the total energy of lattice at
time t and Eðt þ �Þ is the total energy for time t þ �; h���i refers
to the averaging over snapshots. It must be noted for getting a
smooth curve, very large snapshots should be taken, i.e., very
long run should be done.
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Fig. 1. Convergence of two different configurations (highly
random and highly ordered).

H. Gharibi et al. Bull. Chem. Soc. Jpn. Vol. 79, No. 9 (2006) 1357



As is shown in this figure, with taking 5� 106 moves be-
tween snapshots we can avoid correlation. It must be men-
tioned that all of our data were checked for correlation, and fi-
nally for investigation about size-dependence of our results,
we run simulation on two different boxes. Figure 3 shows
how results for box sizes of 30 and 50 complement each other.
So, we choose the dimension of 50 for all of our simulations.

Critical Micelle Concentration. CMC has been studied
using various models and techniques.17,19,29,60–62 Some of these
studies, similar to our results, show that the CMC increases
with an increase in temperature. The similarity between results
indicates an important point. It represents that the fundamental
part of the model in the self-assembling of surfactants is repul-
sion interactions, and TT or HH interactions themselves (even
attractive or repulsive) are inconclusive; in other words, con-
sidering attractive parameters between like sites do not change
the results.

In our simulations, the CMC increases as the value of inter-
action is decreased (Table 1). Fitting plots of the CMC for
H4T4 versus "=kBT gives the following equation:

CMC ¼ �0:012
"

kBT
þ 0:011 R2 ¼ 0:99: ð15Þ

Distribution of Monomers in Clusters. The equilibrium

distribution of micelle sizes is that which minimizes the free
energy of the system and, by mass conservation, that condition
is fulfilled by the relation n�1 ¼ �n (appendix A).63 This
yields the following mass-action relation:

xn ¼
ð f1x1Þn

fn
exp �n�

�0
n

n
��0

1

� �� �
: ð16Þ

In Monte Carlo simulation, on the other hand, the proportion
of monomers in clusters of size n (nxn) can be determined.
As shown in Fig. 4, nxn as a function of n typically has a mini-
mum and two maxima: one for the monomer and the other for
the micelles.64 It has been shown in our previous paper that
even in the mixed state of amphiphile and copolymer, the clus-
ter size distribution must have only one peak.65 A wider distri-
bution indicates a higher polydispersity, and the presence of a
high concentration of clusters with small aggregation numbers
indicates the existence of premicellar phenomena.

Concentrations of Premicelle. From the distribution of
monomers in clusters of different size, it is possible to deter-
mine the concentration of the small clusters that are often re-
ferred to as premicelles. Comparison of this distribution at dif-
ferent interactions, shown in Fig. 5, reveals that the concentra-
tions of premicelles decrease with an increase in interaction
parameter.

Figure 6 shows the dependence of the premicellar value on
the mole fraction of amphiphile at various interactions. In this
figure, only the cluster due to the minimum in the graph of the
distribution of monomer in clusters is considered as a premi-
celle.

0

0.0002

0.0004

0.0006

0 0.002 0.004 0.006
x a

x
1

Fig. 3. Convergence of x1 as xa for boxes of dimensions 30
(+) and 50 ( ).

Table 1. CMC Values for H4T4 at Different Interaction
Parameters ð"=kBTÞ

"=kBT CMC (in mole fraction)

0.72 0.0020
0.74 0.0017
0.76 0.0015
0.78 0.0013
0.8 0.0010
0.82 0.0008
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Fig. 4. Distribution of monomer in clusters at different
mole fractions of H4T4 at "=kBT ¼ 0:72. Inset shows a
plot of x1 against mole fraction (xa) of surfactant.
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Fig. 2. Energy auto-correlation function, Að�Þ, versus time
(Monte Carlo steps).
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Polydispersity. Polydispersity (IP) is the ratio of the
weight-averaged aggregation number to the number-averaged
aggregation number. In normal cases, it is expected that as
the surfactant concentration is increased beyond the CMC,
the polydispersity should decrease because introducing further
surfactant molecules leads to the growth of smaller clusters,
and thus the distribution of cluster aggregation numbers would
become narrower. So, CMC can be defined as the amphiphile
concentration at which the value of the polydispersity is great-
est. Indeed, as shown in Fig. 7, this behavior is observed for all
of the cases in the present work and the value of the polydis-
persity is greatest at the CMC. Above the CMC, increasing in-
teractions cause a reduction in the polydispersity. Therefore, at
high interactions, monomers prefer either to aggregate to form
new micelles or to enter into small clusters rather than to join
large aggregates. As a result, spherical aggregates rather than
other shapes tend to form at high interactions.

Micellar Shapes. The micellar shapes are determined
based on the three principal moments of inertia, I1, I2, and
I3, which correspond to the eigenvalues of the matrix of the
radii of gyration.

Figure 8 shows the dependence on aggregation number of
the two characteristic length ratios, l1=l3 and l2=l3, for H4T4

at two states of interaction. It is evident from this figure that
with an increase in interactions, a transition from rod-like
micelles to spherical micelles occurs at higher aggregation
numbers. It is in consistant with the experimental results. At
low temperature, to reduce the interfacial area (or contacts)
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Fig. 5. Role of interaction on nxn of premicelles. nxn is the
monomer mole fraction in a cluster containing n surfac-
tants.
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of amphiphiles at various interaction parameters.
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the micelles tend to become spheres and to shrink.
Aggregation Number. Figure 9 shows the role of interac-

tions on three definitions of aggregation number. For all three
definitions, the aggregation number increases linearly with an
increase in interaction. Fitting of a straight line to the Nw data
gives the following equation:

Nw ¼ 218
"

kBT
� 134 R2 ¼ 0:98: ð17Þ

Figure 10a shows a plot of nxn versus n at two concentrations
for "=kBT ¼ 0:72, while Figure 10b shows the same plots for
the system with "=kBT ¼ 0:8. Comparison of these figures
reveals that Nmax is less concentration-dependent for the higher
interactions. Figure 11 shows the variation of Nw versus con-
centration at two interaction parameters. An acceptable esti-
mate of the CMC can be determined from this curve as the
intersection of a straight line fits to the curves before and after
the change in slope.

Conclusion

In the present work, it is shown that the fundamental part of
the potential belongs to the repulsion between tails–solvent
and tails–heads. Although in most of the simulation works at-
tractive potentials have been considered, these interactions do
not play a fundamental role at least in the lattice Monte Carlo
simulation of surfactants. We have also shown that an increase

in repulsive forces causes, similar to the CMC behavior, an in-
crease in aggregation number and polydispersity. We obtained
a linear relationship between interaction parameter and the
CMC. It must be noted that at high interaction, micelles tends
to be spherical rather than rod-shaped. Further studies are
needed to elucidate the effect of interaction on the sphere to
rod transition. Increasing interactions additionally causes a
reduction in the concentration of premicelles.

We would like to thank Professor Mihaly Mezei from
Mount Sinai School of Medicine in New York for his valuable
discussion about configurational bias Monte Carlo move and
the model through e-mail and the referees for their attention.

Appendix

In canonical ensemble, the equilibrium distribution of micelle
sizes is that which minimizes the Helmholtz free energy (A) of
the system. By considering the condition of

N ¼
X1
n¼1

nNn; ðA1Þ

it is possible to minimize A by the method of undetermined multi-
pliers.

Let � be an undetermined multiplier. Then, we have

@A

@Nn

� �
@N

@Nn

¼ 0: ðA2Þ

The first term in this equation is defined as the chemical potential
of aggregate n, and the second term is equal to n. Thus, we have

�n � �n ¼ 0 ) �n ¼ n�: ðA3Þ

This equation is correct for all values of n. If we substitute n ¼ 1,
we can write

�1 � � ¼ 0 ) �1 ¼ �: ðA4Þ

Then, we can substitute the new value of � into Eq. A4:

�n ¼ n� ¼ n�1: ðA5Þ

This equation is often referred to as the mass action equation for
aggregates. From this equation, one can calculate the excess
chemical potential.
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Fig. 10. a. Nmax increases with an increase in concentration
(xa) for "=kBT ¼ 0:72. b. Nmax is nearly constant at two
different concentrations (xa) for "=kBT ¼ 0:8.
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